Abstract. Let p be a real number greater than one and let Γ be a graph of bounded degree. We investigate links between the p-harmonic boundary of Γ and the Dp-massive subsets of Γ. In particular, if there are n pairwise disjoint Dp-massive subsets of Γ, then the p-harmonic boundary of Γ consists of at least n elements. We also show that the converse of this statement is also true.
Introduction
Throughout this paper p will always denote a real number greater than one. A graph is said to have the p-Liouville property if every bounded p-harmonic function on the graph is constant. Similarly, a graph is said to have the D p -Liouville property if every bounded p-harmonic function of the graph with finite p-Dirichlet sum is constant. When a graph has the p-Liouville property (D p -Liouville property), the set of bounded p-harmonic functions (with finite p-Dirichlet sum) can be identified with R, the real numbers. Now let G be a finitely generated group. Our main motivation for studying the p-harmonic boundary of a graph arose from the problem of determining the first reduced ℓ p -cohomology space of G. A locally finite graph with bounded degree, called the Cayley graph of G, can be associated with G. Thus it makes sense to define the p-harmonic boundary for G, and to say that G has the p-Liouville property (D p -Liouville property). It turns out that the first reduced ℓ p -cohomology space of G vanishes if and only if G has the D p -Liouville property if and only if the p-harmonic boundary of G consists of one point or is empty. A more complete discussion about this characterization can be found in [11] and the references therein. Another reason for studying locally finite graphs with bounded degree is there intimate connection via discrete approximation to complete Riemannian manifolds with bounded geometry. The papers [2, 4, 5] contain a wealth of information concerning this link between graphs and manifolds.
Recently, a generalized version of the D p -Liouville property for graphs has been studied in [8, 9] . More precisely, under what conditions on a graph can the bounded p-harmonic functions with finite p-Dirichlet sum be identified with R n , n ∈ N. When n ≥ 2, this also means that there are nonconstant p-harmonic functions on the graph. Holopainen and Soardi proved in [2, Lemma 5.7] that there is a nonconstant bounded p-harmonic function with finite p-Dirichlet sum on a graph of bounded degree if and only if there exists two disjoint D p -massive subsets of vertices of the graph.
The purpose of this paper is to bring into sharper focus this connection between D p -massive subsets and nonconstant p-harmonic functions on a graph. As a consequence, we are able to determine exactly when the set of bounded p-harmonic functions on a graph with finite p-Dirichlet sum can be identified with R n . The main tool we use to obtain our results is the p-harmonic boundary of a graph.
The p-harmonic boundary is a subset of the p-Royden boundary. When p = 2 these sets are respectively known as the harmonic boundary and the Royden boundary. In [15, Chapter 6 ] the Royden and harmonic boundaries were studied for locally finite graphs of bounded degree. Many of the results in [15, Chapter 6] were translated from corresponding results on complete Riemannian surfaces. See [13, Chapter 3] for information about the Royden and harmonic boundaries in the setting of complete Riemannian surfaces. However, there are some major differences between these two cases. In [15, Example 6.27 ] it was shown that the Royden boundary and the harmonic boundary coincide for a locally finite graph of bounded degree that satisfies a strong isoperimetric inequality. This is in stark contrast with the complete Riemannian surface case. More precisely, if the harmonic boundary is removed from the Royden boundary of a complete Riemannian surface, then the resulting set is dense in the Royden boundary! See [13, page 157] for the details of this fact. Furthermore, if the graph is a k-regular tree, k ≥ 3, then there are no isolated points in the harmonic boundary of the tree, [15, page 145] .
The problem of explicitly computing the p-harmonic boundary of a locally finite graph of bounded degree appears to be quite difficult. The only result we can find in this direction is in the paper [16] where it is shown that the Royden boundary of a 2-regular tree, which can be considered as a Cayley graph for the integers, is a quotient space of βN, the Stone-Čech compactification of N. In [11, Chapter 7] the author gave some examples of finitely generated groups whose p-harmonic boundary is empty or contains exactly one point by using the fact that the first reduced ℓ p -cohomology of those particular groups is zero. In Section 2 we define the main concepts used in this paper. We also state our main result. Section 3 is devoted to the proof of the main result. We explain in Section 4 how our result extends the main result of [9] .
I would like to thank the referee for several excellent suggestions that improved the exposition of this paper.
Definitions and statement of main result
Let Γ be a graph with vertex set V Γ and edge set E Γ . We will write V for V Γ and E for E Γ . For x ∈ V, N x will be the set of neighbors of x and deg(x) will denote the number of neighbors of x. We shall say that Γ is of bounded degree if there exists a positive integer k for which deg(x) ≤ k for every x ∈ V . A path γ in Γ is a sequence of vertices x 1 , x 2 , . . . , x n , . . . where x i+1 ∈ N xi for 1 ≤ i ≤ n − 1 and x i = x j if i = j. Note that all paths considered in this paper have no self-intersections. A graph is connected if any two distinct vertices of the graph are joined by a path. All graphs considered in this paper will be connected, of bounded degree with no self loops and have countably infinite number of vertices. By assigning length one to each edge of Γ, V becomes a metric space with respect to the shortest path metric. We will denote this metric by d(x, y), where x, y ∈ V . Thus d(x, y) gives the length of the shortest path joining the vertices x and y. For S ⊆ V , the outer boundary ∂S of S is the set of vertices in V \ S with at least one neighbor in S, and |S| will denote the cardinality of S. We use 1 V to represent the function that takes the value 1 on all elements of V . Finally, if x ∈ V and n ∈ N, the natural numbers, then B n (x) will denote the metric ball that contains all elements of V that have distance less than n from x.
We now proceed to define some function spaces that will be used in this paper. Let S ⊆ V and let f be a real-valued function on S ∪ ∂S. We define the p-th power of the gradient, the p-Dirichlet sum, and the p-Laplacian of x ∈ S by
In the case 1 < p < 2, we make the convention that |f
Observe that a function which is p-harmonic on S is also defined on ∂S.
We now give an alternate definition that is commonly used for a function to be p-harmonic on S when S is a finite (compact) subset of V . We begin by setting
A function f is said to be p-harmonic on S if it is the minimizer of Ξ among the functions in S ∪ ∂S with the same value in ∂S as f , that is , if
for every function u in S ∪ ∂S with f = u in ∂S. The interested reader can find more information about p-harmonic functions and harmonic functions on graphs in the papers [1, 2, 3, 6, 8, 9, 11, 14, 15, 17] and the references therein. We shall say that f is p-Dirichlet finite if
The set of all p-Dirichlet finite functions on Γ will be denoted by D p (Γ). With respect to the following norm D p (Γ) is a reflexive Banach space,
where o is a fixed vertex of Γ and f ∈ D p (Γ). We use HD p (Γ) to represent the set of p-harmonic functions on V that are contained in D p (Γ). Note that the constant functions are members of HD p (Γ). Let ℓ ∞ (Γ) denote the set of bounded functions on V and let
where f ∈ BD p (Γ). Let BHD p (Γ) be the set of bounded p-harmonic functions contained in D p (Γ). The space BD p (Γ) is closed under the usual operations of scalar multiplication, addition and pointwise multiplication. Furthermore, for f, g ∈ BD p (Γ) we have that f g BDp ≤ f BDp g BDp . Thus BD p (Γ) is a commutative Banach algebra. Let C c (Γ) be the set of functions on V with finite support. Indicate
Using the fact that the inequality (a + b)
2.1. The p-harmonic boundary. In this subsection we construct the p-harmonic boundary of a graph Γ. For a more detailed discussion about this construction see Section 2.1 of [11] . Let Sp(BD p (Γ)) denote the set of complex-valued characters on BD p (Γ), that is the nonzero ring homomorphisms from BD p (Γ) to C. We will implicitly use the following property of elements in Sp(BD p (Γ)) throughout the paper.
Proof. Suppose there exists an f ∈ BD p (Γ) for which χ(f ) = a + bi, where b = 0. Set F = (f − a)/b and observe that χ(F ) = i. Since BD p (Γ) is a Banach algebra, F, F 2 and
With respect to the weak * -topology, Sp(BD p (Γ)) is a compact Hausdorff space. If A ⊆ Sp(BD p (Γ)), A will indicate the closure of A in Sp(BD p (Γ)). Given a topological space X, let C(X) denote the ring of continuous functions on X endowed with the sup-norm. The Gelfand transform defined byf (χ) = χ(f ) yields a monomorphism of Banach algebras from BD p (Γ) into C(Sp(BD p (Γ))) with dense image. Furthermore, the map i : V → Sp(BD p (Γ)) given by (i(x))(f ) = f (x) is an injection, and i(V ) is an open dense subset of Sp(BD p (Γ)). For the rest of this paper we shall write f forf , where f ∈ BD p (Γ). The p-Royden boundary of Γ, which we shall denote by R p (Γ), is the compact set Sp(BD p (Γ)) \ i(V ). The p-harmonic boundary of Γ is the following subset of R p (Γ):
We shall write |∂ p (Γ)| to indicate the cardinality of ∂ p (Γ).
2.2. D p -massive sets. We now define the concept of a D p -massive subset of a graph. An infinite connected subset U of V with ∂U = ∅ is called a D p -massive subset of V if there exists a nonnegative function u ∈ BD p (Γ) with the following properties:
(1) ∆ p u(x) = 0 for x ∈ U , (2) u(x) = 0 for x ∈ ∂U , and (3) sup x∈U u(x) = 1. We call any u that satisfies these conditions an inner potential of the D p -massive subset U . The next result is Proposition 4.11 of [11] and will be needed in the sequel. By combining this theorem with Corollary 2.7 of [11] we obtain Corollary 2.4. Let 1 < p ∈ R, n ∈ N and let Γ be a graph of bounded degree. If there exists n pairwise disjoint D p -massive subsets of V , but there does not exist n + 1 disjoint D p -massive subsets of V , then BHD p (Γ) can be identified with R n .
Proof of Theorem 2.3
The following lemma will be needed for the proof of Theorem 2. 
Conversely, let χ 1 , χ 2 , . . . , χ n be distinct elements from ∂ p (Γ). By Urysohn's lemma there exists a continuous function
For each integer k with 2 ≤ k ≤ n we can inductively define a continuous function f k : Sp(BD p (Γ)) → [0, 1] with the following properties:
By the density of BD p (Γ) in C(Sp(BD p (Γ))), we can assume f k ∈ BD p (Γ) for each k. Using Theorems 4.6 and 4.8 of [11] , we obtain a unique h k ∈ BHD p (Γ) with
has a convergent subsequence that converges to some ψ in ∂ p (Γ). Consequently, ψ(h k ) = 1 = ψ(h j ). This contradicts our earlier observation that if h k (χ) = 1 = h j (χ) for some χ ∈ ∂ p (Γ), then k = j. Therefore, there exists an ǫ > 0 for which D k,ǫ ∩ D j,ǫ = ∅ for each j, k with 1 ≤ j, k ≤ n. The proof of the theorem is now complete.
A result of Kim and Lee
In this section we elaborate on how Theorem 2.3 improves the main result of [9] . We start by giving some needed definitions.
Recall that E represents the edge set of a graph Γ. Denote by F (E) the set of all real-valued functions on E and let F + (E) be the subset of F (E) that consists of all nonnegative functions. For f ∈ F (E) set
The edge set of a path γ in Γ will be denoted by Ed(γ). Let Q be a set of paths with no self-intersections in Γ. Indicate by A(Q) the set of all f ∈ F + (E) that satisfy ξ p (f ) < ∞ and e∈Ed(γ) f (e) ≥ 1 for all γ ∈ Q. The extremal length of order p for Q is defined by
The number λ p (Q) −1 is commonly known as the p-modulus of the path family Q. We shall say that a property holds for p-almost every path in a collection of paths if the set of paths for which the property does not hold has infinite extremal length (or p-modulus zero).
Let A ⊆ V , write Γ A for the largest subgraph of Γ that has vertex set A. Let γ be a one-sided infinite path in Γ. For a real-valued function f on V , set f (γ) = lim n→∞ f (x n ) as n → ∞ along the vertices of γ. Let P A be the set of all one-sided infinite paths with no self-intersections contained in Γ A . We define a real-valued function f to be asymptotically constant on A if there exists a constant c such that f (γ) = c for p-almost every path γ ∈ P A .
We shall say that an infinite connected set U has property AC if each function in BHD p (Γ) is asymptotically constant on U . An infinite connected subset S of V is said to be p-hyperbolic if there exists a nonempty finite subset A of V for which
where the infimum is taken over all finitely supported functions u on S ∪ ∂S such that u = 1 on A. If S is not p-hyperbolic, then it is said to be p-parabolic. The quantity Cap p (A, ∞, S) is known as the p-capacity of S.
Motivated by [18, Theorem 3.1] , Kim and Lee prove the following result in [9, Theorem 1.1] Theorem 4.1. Let n ∈ N and let Γ be a graph with n p-hyperbolic ends. Suppose each p-hyperbolic end has property AC. Then given any real numbers a 1 , a 2 , . . . , a n ∈ R, there exists an unique h ∈ BHD p (Γ) such that h(γ) = a i for p-almost every path γ ∈ P Fi for each i = 1, 2, . . . , n, where F 1 , F 2 , . . . , F n are the p-hyperbolic ends of Γ.
We see immediately that if a graph Γ satisfies the hypothesis of this theorem, then BHD p (Γ) can be identified with R n , which is the same conclusion as Corollary 2.4. However, the hypothesises of Theorem 4.1 are quite strong. The number of ends of a graph Γ is independent of p, and the AC property is also very restrictive. For example, let G denote a co-compact lattice in the real rank 1 simple Lie groups Sp(n, 1), n ≥ 2. The Cayley graph of the group G has one end, but there are nonconstant p-harmonic functions with finite p-Dirichlet sum on G exactly when p > 4n + 2. See [10, Section 4] for the details.
When the cardinality of ∂ p (Γ) is finite, Theorem 2.3 completely characterizes the number of elements in ∂ p (Γ) in terms of pairwise disjoint D p -massive sets. It is the case that D p -massive sets are also p-hyperbolic. The reason we are able to drop the property AC assumption from Theorem 4.1 in our Theorem 2.3 is given in Proposition 4.3 below. Before we prove the proposition we need the following Lemma 4.2. Let Γ be a graph with bounded degree and let 1 < p ∈ R. Suppose F is an infinite connected subset of V with property AC. For h ∈ BHD p (Γ), denote by c h the constant for which h(γ) = c h for p-almost every path in
Define A = {x ∈ F | h(x) > χ(h) − ǫ} and let C be a component of A. Observe that λ p (P C ) = ∞ due to h(γ) > c h for each γ ∈ P C . By Lemma 3.1, C is D pmassive. Proposition 5.3 of [12] now yields the contradiction λ p (P C ) < ∞. A similar argument shows that it is also not the case χ(h) < c h . Therefore χ(h) = c h .
Denote by V (γ) the vertex set of an infinite path γ in Γ. Write V (γ) for the closure of i(V (γ)) in Sp(BD p (Γ)). The set of extreme points of γ is given by Proof. Because F is p-hyperbolic, it is the case λ p (P F ) < ∞. Lemma 5.2 of [12] implies F ∩∂ p (Γ) = ∅. Now suppose χ 1 and χ 2 are distinct elements from F ∩∂ p (Γ). Since BD p (Γ) separates points in Sp(BD p (Γ)), there exists an f ∈ BD p (Γ) for which χ 1 (f ) = χ 2 (f ). Combining Theorems 4.6 and 4.8 of [11] we obtain an h ∈ BHD p (Γ) with the property f = h on ∂ p (Γ). Thus χ 1 (h) = χ 2 (h), contradicting Lemma 4.2. Hence, |F ∩ ∂ p (Γ)| = 1. Now assume |F ∩ ∂ p (Γ)| = 1 and let χ be the unique element in F ∩ ∂ p (Γ). Select an h ∈ BHD p (Γ) and let c h = χ(h). We will now show that h(γ) = c h for p-almost every path in P F . Denote by P ∞ the set of all γ ∈ P F for which h(γ) does not exist. Let γ = x 0 x 1 . . . x n . . . ∈ P ∞ . The identity h(x n ) = h(x 0 )− n k=1 (h(x k−1 )− h(x k )) implies ∞ k=1 |h(x k−1 ) − h(x k )| = ∞. It now follows [7, Lemma 2.3 ] that λ p (P ∞ ) = ∞. For each n ∈ N, set P 1/n = {γ ∈ P F \ P ∞ | |h(γ) − c h | > 1/n}. Now suppose λ p (P 1/n ) < ∞ for some n ∈ N. By [12, Lemma 5.2] (∪ γ {Ex(γ) | γ ∈ P 1/n }) ∩ ∂ p (Γ) = ∅.
Let ψ be an element in this intersection. The definition of P 1/n implies that ψ(h) = c h . Combining the fact P 1/n ⊆ P F with the hypothesis |F ∩ ∂ p (Γ)| = 1 yields ψ = χ, contradicting the fact χ(h) = c h . Hence λ p (P 1/n ) = ∞ for all n ∈ N. Let P U = ∪ ∞ n=1 P 1/n . Lemma 2.2 of [7] says that λ p (P U ) = ∞, and λ p (P U ∪ P ∞ ) = ∞. Let P h = {γ ∈ P F | h(γ) = c h }. Then P F = P h ∪ P U ∪ P ∞ . Another appeal to [7, Lemma 2.2] shows that λ p (P h ) < ∞ since λ p (P F ) < ∞. Thus h(γ) = c h for p-almost every path in P F . Therefore, h is asymptotically constant on F .
It follows immediately from this proposition that if a graph Γ satisfies the assumptions of Theorem 4.1, then |∂ p (Γ)| = n.
